The cathodic region of atmospheric pressure arcs is dominated by a number of different mechanisms. This makes a theoretical model extremely difficult. A description of this region based on fundamental physical principles is given. Using a previously published model of the inhomogeneous boundary layer of a Saha-plasma [H. Schmitz and K.-U. Riemann, J. Phys. D: Appl. Phys. 34, 1193 (2001)] the description is set on a firm theoretical basis. A number of equations including the energy balances of plasma boundary and cathode body lead to a maximum closure of the system. The values for the boundary conditions toward the plasma column could be motivated by a simple minimum principle argument thus eliminating all arbitrary fitting parameters. Results are given for a variety of external parameters and three different discharge gases. The comparison with experimental results shows excellent agreement.
Introduction
The cathodic region of atmospheric pressure arcs is a system that is dominated by a multitude of different physical processes. This makes a theoretical description extremely difficult. On the other hand the cathode plays a key role in determining the properties of the discharge. At the cathode surface electrons have to be emitted, so that the current applied to the discharge can flow across the boundary between the solid-metal and the plasma. These electrons can only be released from the cathode body if the latter is heated enough by bombarding ions. To calculate the energy of these ions one has in turn to know details about the inhomogeneous plasma region that forms in front of the cathode.
Previous investigations of this problem have generally utilised one of the two following approaches. The first approach is that of an engineer who is interested in modeling the global parameters of the discharge. Here the emphasis lies on the correct reproduction of measurements. This is done by solving simple -mostly heuristic -equations for the different parts of the discharge. However a physical understanding of the cathode boundary layer may not be gained from this approach. One of the most cited work following this approach is from Waymouth [1] . He formulates equations for the cathodic region that allow him to calculate current densities and the temperature of the cathode. He obtains multiple solutions which he interprets as different modes in which the discharge can burn. A cruder model has been investigated by Tielmans and Oostvogels [2] . A time dependent description was given by Waymouth [3] . This has been extended by Luijks and van Vliet [4] to account for different cathodic modes. A similar model was given by Byszewski, Budinger and Li [5] who focus on the energy balances in the cathodic region.
In the second major approach one starts from fundamental physical principles and tries to set up consistent models for the different regions of the discharge. Such a model however is only as good as its parts. Hence it is an important goal in the framework of this approach to improve the submodels further and further. Such an approach has been pursued by Hsu and Pfender [6] or by Rethfeld et al [7] . They describe the plasma boundary with the use of the Chapman-Enskog approximation. This however is not valid for the strongly inhomogeneous plasma in front of the cathode. Also they completely disregard inertia forces of the ions. These were discovered by Persson [8] to be of crucial importance for the plasma boundary layer.
A better description of the boundary layer of a Saha-plasma was presented by Benilov [9] . He uses a two-fluid description for the ions and the neutral background gas. Apart from ionization and recombination he does not take into account any other binary processes of ions or neutrals. Therefore it is questionable in how far this model can be used in collision dominated plasmas. Benilov presents an approximate formula for the potential drop in the boundary layer which however shows an inaccuracy of up to 30%. This approximation formula is then used in a successive analysis by Benilov and Marotta [10] together with energy balances for the boundary layer and the cathode body. This enables them to calculate the ion and electron current densities as well as the heat flux to the cathode surface. Due to the errors in the approximation formula and some inconsistencies in the energy balances these results can only be taken as rough approximations.
Using the second approach it is the aim of this paper to present an analysis of the cathodic region of an arc discharge using our previously published model [11] of the plasma boundary layer. This will allow us to calculate parameters of interest for comparison with experiments by using a model that is based exclusively on physical principles. It will also enable us to gain insight into the mechanisms of the boundary layer and to investigate the influence of a number of plasma and material parameters. The approach used in our investigation will be similar to that used by Riemann [12] for the analysis of the cathode spot of the vacuum arc. Here however we will not be making use of the existence diagram method presented by Ecker [13] since we will be able to formulate all relations in form of equations. The theory of the plasma boundary layer will be taken from our analysis [11] . Here the transition from a Saha-plasma to an absorbing wall has been investigated with a multi scale analysis. The parameter range for which this analysis is valid fits well to the parameter ranges usually met in atmospheric pressure discharges.
In section 2 we describe the model equations and the method of solution. In section 3 we will present results and discuss their implications. A summary is given in section 4.
Model
In this section we state the assumptions of the model and formulate equations. The aim is to analyse the cathodic region of an atmospheric pressure discharge. This model shall be applicable to atmospheric pressure argon and xenon arc discharges. For these types of discharges extensive measurements have been carried out [14, 15] which allows for comparison between our results and the experiment. However the model will also be applicable to sodium discharges which are commonly used in lighting applications. To give a rough orientation of typical parameters of these discharges, table 1 presents values for the temperatures, the pressure and characteristic scale lengths of the plasma boundary.
Assumptions
We assume the inhomogeneous plasma boundary layer to be thin compared to the cathode geometry. In [11] the typical thickness of the boundary layer has been estimated to be D = √ λ i λ CX . Even though the ionization length is of the same order as the cathode geometry, D will still be small because we assume that the mean free path for charge exchange collisions is much smaller than the ionization length. This enables us to formulate a one dimensional theory of the plasma boundary layer. In turn the Debye length shall be much smaller than the mean free path. We need these constraints to be able to apply the multi scale theory of [11] . From table 1 however this can be seen to be a valid assumption for the discharges investigated here. These assumptions can be summarized by
The plasma column is in partial thermodynamic equilibrium. We assume that ions and neutrals have the same temperature T h , denoted as the heavy particle temperature. These two species interact strongly due to the high rate of charge exchange collisions. While the neutral particles will always retain a thermal distribution with the temperature T h the ions will in the boundary layer depart from thermal equilibrium. Due to the strong inhomogeneities of the plasma-cathode transition the ions have to be modelled kinetically.
The electrons may have a different temperature T e = T h because the mean free path for energy exchange between heavy particles and electrons may be large due to the high mass ratio. Due to the mass ratio the electrons are also highly mobile, so that they will always be in equilibrium with the electric field.
We assume an ionization-recombination equilibrium in the plasma column. Ions are created by electron impact ionization and destroyed by three body recombination. Since the fast moving electrons determine the impact energy during an ionization process, we have to use the electron temperature to determine the equilibrium densities in the plasma. In the temperature range given in table 1 the ionization degree is found from Saha's equation to be of the order of 10%. The higher charged states possess substantially higher ionization potentials and can be neglected. Therefore the plasma consists only of electrons, singly charged ions and a neutral gas background.
The ion dynamics is dominated by charge exchange collisions, electron impact ionization and three body recombination. The neutral gas background is assumed to be constant. These two assumptions are needed to apply the boundary layer theory of [11] . The validity can be easily deduced from the relatively low ionization degree. This implies that charge exchange collisions present the dominant collision process of the ions. The constant neutral density is also valid (s. appendix A in [11] ) for ionization degrees that do not exceed a few 10%. The ionization and recombination processes are needed to describe the transition to the plasma column which is in ionization-recombination equilibrium.
Model Zones
We separate the cathodic region into four model zones. The first model zone is the plasma column. The plasma column itself is not subject of our investigation but represents the plasma sided closure of our model. Therefore this model zone enters the theory only by boundary conditions, namely the temperatures and densities of the three species, electrons, ions and neutral particles.
The second zone is the quasineutral presheath in which the ions are accelerated to fulfill the Bohm criterion. This region is modelled by the theory presented in [11] . With this theory we incorporate a consistent description of the plasma boundary layer into the model of the cathodic region. The model presented in [11] describes the transition from the Saha equilibrium of the plasma column to the loss dominated presheath in front of the cathode. The strong deviation of the ion distribution function from a Maxwellian is accounted for by a kinetic theory of the Knudsen layer. The presheath has an extension given by the geometric mean of the ionization length and the mean free path for charge exchange collisions.
The space charge sheath represents the third model zone. It has a thickness of a few Debye-lengths. Here the ions are freely accelerated toward the cathode, since the Debye-length is assumed to be small compared to the collision mean free path.
The fourth model zone is the cathode body. In the cathode the heat transport equation plays a major role. However emphasis has to be put on the cathode surface, where the correct boundary condition for the plasma has to be formulated.
Equations
The symbols used here and in the following text are explained in tables 2 and 3.
2.3.1. Plasma Column: The thermal equilibrium condition of the plasma column implies that we can utilize the Saha-equation to calculate the ionization degree,
Here the electron temperature has been used to calculate the equilibrium densities since the electrons are much faster than the ions and therefore determine the impact energy. Another implication of the thermal equilibrium condition in the plasma column is the ideal gas law
With given temperatures and total pressure this together with eq. (2) yields the neutral and charged particle densities in the column.
Presheath:
In [11] a theory of the presheath has been given. This theory was based on a separation of the presheath into a thin Knudsen layer (scale λ CX ) and a more extended transition layer (scale λ i ) describing the transition to a Saha-plasma. An approximate formula was given for the ratio of the plasma to the sheath edge density of charged particles,
Here β = T h /T e is the ratio of heavy particle to electron temperature and µ = ν i /ν CX is the ratio of ionization to charge exchange collision frequency. The potential drop U v over the presheath is connected to this density ratio by the Boltzmann factor,
2.3.3. Space Charge Sheath: In the plasma column the ion current is negligible. Inside the presheath region, however, ionization dominates over recombination and a considerable ion current is built up. The ion current density leaving the presheath at the sheath edge remains constant inside the space charge sheath, since there are no ionization or recombination processes. In hydrodynamic models this ion current density can be related to the ion density at the sheath edge via the Bohm criterion,
Using the more exact results of the kinetic analysis of [11] we can rewrite this to
2.3.4. Energy Balance of the Boundary Layer: To close the system of equations for the plasma boundary layer, we now formulate the energy balance of this region. Instead of considering the presheath and the space charge sheath separately, we write down the energy equation in an integral form for the whole inhomogeneous boundary layer.
To this end we have to consider a number of different gain and loss terms. The most important energy gain originates from the Ohmic heating. The total current density j g flows through a total voltage drop U c producing the energy flux density
The ions are accelerated in the boundary layer and deposit their kinetic energy on the cathode surface. In the presheath they are accelerated to fulfill the Bohm criterion. The mean directed kinetic energy of the ions at the sheath edge can be taken from the kinetic theory in [11] . In the space charge sheath the ions then fall freely through the voltage drop U s . Their transverse kinetic energy is given by the heavy particle temperature and with the two degrees of freedom this gives kT h . Assuming, that the ions transfer all their kinetic energy to the cathode surface, the loss term for the boundary layer reads
The ions hitting the cathode surface recombine with the electrons from the cathode. Thus they are lost for the plasma boundary layer. For every ion lost, a new one has to be created, withdrawing the ionization energy from the plasma
Finally we must consider the thermal energy carried by particles entering or leaving the boundaries of our model region. At the plasma sided boundary the total current is carried only by the electrons travelling away from the cathode. This results in an enthalpy loss of
On the cathode surface ions are lost to the plasma. Their kinetic energy has however already been accounted for. For every ion hitting the cathode a neutral particle enters the boundary layer. These neutral particles have been in thermal contact with the cathode surface so we can assume the temperature of these particles to be T c . The enthalpy gain is then
The electrons leaving the cathode are also assumed to have cathode temperature T c so that they supply the enthalpy 5 2 j e kT c e .
Combining the last three terms we obtain the total enthalpy flux contributed by particles flowing through the boundaries of the plasma boundary layer
The complete energy balance of the boundary layer thus reads
2.3.5. Cathode Surface: From the point of view of an electrical circuit the cathode surface represents an important interface. Inside the cathode body the electrical current is carried by the electron gas. This current has to be continued across the cathode surface into the plasma. This is achieved by thermionic emission of electrons. Also due to the relatively high ratio of ion to electron current a small contribution of the current is carried by secondary electrons. A third, negative contribution to the electron current originates from electrons counter-diffusing against the electric field of the plasma sheath. Although this contribution is generally small we cannot neglect it since the counterdiffusing term excludes solutions with low sheath voltages. The total electron current at the cathode surface is then
8kT e πm e e −eUs/kTe .
The second term on the right hand side is the secondary electron current, the third term is the Hertz-Knudsen-Langmuir current describing the counter diffusion. The electron emission current j em is calculated from the Murphy-Good formalism, [16] . In the thermionic regime it is given by (eq. (33) in [16] )
with
and the Schottky reduction of the work function
The electric field E c at the cathode surface can be obtained from the MacKeown equation
2.3.6. Energy Balance of the Cathode: Similar to the energy balance of the boundary layer we have to formulate an energy balance of the cathode. We concentrate our effort on the description of heat flows at the foot point of the arc but also have to consider the heat flow in the cathode as well as the radiation of the cathode body. The main energy influx originates from the ions bombarding the cathode surface. This has to be the same as the loss of kinetic energy of the ions from the boundary layer, only with the opposite sign
The ions hitting the cathode surface recombine and deposit the ionization energy U i minus the work function ϕ of the electron needed for neutralisation. This yields the energy flux density
The neutral particles carry the enthalpy
into the plasma which is subsequently lost to the cathode. The electrons being emitted from the cathode have to overcome the reduced work functionφ. Additionally they leave the cathode with the temperature T c . This results in a loss term
The cathode spot can reach relatively high temperatures. Therefore we have to consider the radiation emitted from the surface in the area of the arc foot
Apart from these energy fluxes -all referring to the area of the arc attachmentthe cathode also conducts heat away from the attachment area into the cathode body. This is accompanied by radiation from the cathode surface outside the attachment area.
To give an explicit estimate we use the simple model, presented in appendix Appendix A to describe these heat flows. In spite of the simplicity of the model we still have to solve the coupled equations of heat conduction and radiation numerically. At this point we refer to these heat fluxes by P cond , which is the total heat flux into the cathode body divided by the area of the attachment region.
We arrive at the energy balance of the cathode,
kT c e j i = P cond (26)
Supplementary equations:
The system of equations is closed by three trivial supplementary relations. The first two connect the current densities of the ions and of the electrons to the total current density and this in turn to the total current and the radius of the attachment,
The third equation defines the total voltage drop over the cathodic region to be the sum of the sheath and the presheath voltage drops
Method of solution
The values of I and p t are considered to be prescribed by the experimental conditions. Then the equations (2), (3), (4), (5), (7), (15), (16), (26), (27) and (28) define a set of 11 equations for the 13 unknown j g , j e , j i , T h , T e , T c , U c , U s , U v , n, n s , n 0 and a.
Thus we can not determine all parameters self-consistently. This is immediately clear as the boundary layer is an open system in contact with the surrounding plasma. We still have two parameters which are not described by our theory but have to be determined by other assumptions. As we strive to decouple the boundary layer as far as possible from the rest of the plasma, we are looking to prescribe those parameters that are determined mostly by the plasma column. These are the temperatures of the electrons and the ions. Therefore, if we choose T e and T h we can calculate all other quantities self-consistently.
With given I, p t , T e and T h we solve the system of equations in the following way.
(i) From the Saha equation (2) and the ideal gas law (3) we calculate the densities n of charged particles and n 0 of neutral particles in the plasma.
(ii) The density ratio (4) and the potential drop (5) of the presheath depend only on the temperatures and the densities in the plasma. This gives us U v and n s .
(iii) With (7) we obtain the ion current density.
(iv) The remaining equations still represent a system of six coupled equations with 6 parameters. This system can not be further solved by inserting known parameters into the remaining equations. However if we choose the sheath voltage U s we can solve the rest of the equations.
(v) From eq. (28) we immediately obtain U c .
(vi) Using the energy balance of the boundary layer (15) we can now determine the total current density j g .
(vii) With eq. (27) we calculate the electron current density j e and the radius of the attachment a.
(viii) Using a simple numerical root finding algorithm we can calculate the cathode temperature T c from the equation for the electron current density (16).
We have now calculated all parameters without making use of the cathode energy balance (26). However in step (iv) we have chosen an arbitrary value for the sheath voltage. We now interpret (26) together with the steps (v) to (viii) as a relation depending on U s and use a numerical root finding algorithm to look for solutions of (26). The consequence of this is, that under certain circumstances there may be no solution, under other circumstances there may be one or more solutions. These imply either an extinguishing arc or an arc attachment that can burn in one or more modes.
Results
We have used the above method to solve the system of equations and calculate the parameters of cathodic attachment regions. To be able to judge the quality of the predictions we first study the influence of the temperatures T e and T h . These parameters can normally not be influenced directly by an experimental setup and are furthermore not easy to measure. Thus they could be used as fit parameters that can be changed until the result of the model are in agreement to some measurement. However we do not want to make use of this freedom but rather find physically motivated values for the temperatures. To this end we investigate the dependence of the cathode fall voltage on the temperatures T e and T h as shown in figure 1 . The calculation has been performed for an argon plasma. The discharge current was I = 3A, the total pressure p t = 2.6bar, the cathode had a length of 20mm, a radius of 0.75mm and a work function of ϕ = 4.55eV corresponding to the value of tungsten. We observe that the cathode fall voltage shows only a weak dependence on the heavy particle temperature. We see only a slight rise of the voltage with growing T h . The reason for this is that T h enters the theory only as a correction in some equations. This means that we are relatively free in choosing a value for T h without seriously changing the results.
The electron temperature on the other hand has a big influence on the cathode fall voltage. One can see that U c has a minimum at about T e = 13000K. For lower temperatures the Saha equation yields a fast decreasing ionization ratio. This causes a decrease in the ion current density and accompanied with this a rapid decrease in the cathode heating. To keep the cathode temperature at a level where electrons can be emitted the cathode fall voltage increases and with that the kinetic energy of the bombarding ions. The increase in U c also has the side effect of enhancing the Schottky reduction of the work function which also helps to increase the electron emission current.
For electron temperatures T e > 13000K the cathode fall voltage slowly rises. The main reason for this is the need of the sheath voltage to work against the counterdiffusing electrons. This is achieved in two ways. Firstly an increase of the sheath voltage directly counteracts the increase of the current due to the rise of the electron temperature. This can be seen directly from the exponent of the Hertz-KnudsenLangmuir current in (16) . Secondly a rise in the sheath voltage again increases cathode heating and therefore causes an increase in the electron emission current j em . Because both effects work in the same direction, the sheath voltage needs to rise only slowly with growing electron temperature.
As seen above the electron temperature has a significant influence on the results. We may however obtain a good guess for the electron temperature by arguing with Steenbeck's minimum principle, that the system tends to approach a state of minimum voltage. Note that, strictly speaking, this argument can only be applied to closed systems whereas the boundary layer is an open system. However, neglecting the influence of the arc column and the anode layer on the voltage, we obtain an electron temperature of about 13000K. In the further calculations for Argon we use this electron temperature together with a heavy particle temperature of T h = 6500K.
In figure 2 we plotted the cathode fall voltage as a function of the current I for different total pressures p t . We see that U c falls with rising current, which is typical for the characteristics of discharges. In the cathode boundary layer it is caused by the increased heating of the cathode resulting in a more efficient emission of electrons. In contrast to this the total pressure in the discharge has a negligible effect on the cathode fall voltage. In figure 2 we have also included the results of measurements made by Nandelstädt et al [14] and by Luhmann et al [15] . These measurements have been made for an Argon discharge with the same parameters as assumed in the calculations and with a pressure of 2.6bar. Apart from one measured value these results agree well with the results obtained from the theoretical calculation.
A crucial parameter for technical high pressure arcs is the cathode temperature as this mostly determines the lifetime of the discharge. Figure 3 shows the temperature at the tip of the cathode as a function of the arc current for different pressures. The temperature rises continually with increasing current as is to be expected. This also confirms the above argument for the falling U c -I characteristic. However we can also see that the pressure p t has significant influence on the cathode temperature. To investigate this behaviour we look at the dependence of the area of the attachment region. In figure  4 we have plotted the radius a of the arc attachment. For values a > R where R is the cathode radius, the term radius has no meaning. Instead we define an equivalent radius
(see Appendix A for a description). This is the radius of a circle with the same area as the total area of the attachment region. The attachment region expands with increasing current I but contracts with increasing pressure. This can be easily understood, because the total current density increases with increasing plasma particle density. With a given current this means that the attachment has to contract. A contraction of the attachment region results in a more intense heating in a smaller area. In this area the cathode temperature will therefore rise with increasing pressure.
In figure 5 we have plotted the ratio of the ion to electron current density as a function of the current for different pressures. The ion current density does not depend on the current I since it can be calculated by the parameters of the plasma only. Therefore a change of this ratio indicates a change of the electron current density. The ratio j i /j e falls with rising current I. This means that the electron current density rises. This behaviour is consistent with the rise of the cathode tip temperature. Here again the ratio does not depend strongly on the plasma pressure. This indicates, that the ion current rises in the same way as the electron current density with increasing pressure. For high currents the ratio j i /j e can be seen to be only slightly below 1. For low currents it can exceed 1 distinctly. In this range, however, the limitations caused by the heat conduction model of the cathode body should be observed. Interpreting the high value of the ion current we should keep in mind that this refers to the cathode surface and not to the plasma column. An essential part of the electron current is generated in the ionization zone. Figure 6 shows the cathode fall voltage U c for different cathode geometry parameters R and L. We see that U c rises with increasing cathode radius R and decreasing cathode length L. The cathode geometry enters the model only through the heat conduction. An increase in the radius and a decrease of the cathode length both have the same effect of improving the heat conduction to the base of the cathode. However to keep the current density at a sufficient level, the temperature of the cathode tip has to be sustained. This implies that the heat supplied to the cathode by the discharge has to be increased. The discharge accomplishes this by raising the cathode fall voltage and therefore the energy of the bombarding ions. If on the other hand the cathode is longer or thinner the heat can not be carried easily away from the tip and the heating through ion bombardment can be decreased. Therefore the cathode fall voltage decreases. In this discussion the restriction of our simplified 1 1 2 dimensional heat conduction model should be observed. This simplified description is to able to account for an arc constriction at the edge of the cathode rod.
Finally we have varied the electrode work function ϕ and conducted the calculations for three different discharge gases, Argon, Xenon and Sodium. One can observe a rise in the cathode fall voltage with growing ϕ. As the work function increases the cathode temperature has to rise to sustain the electron current needed in the arc. This implies a rise in the cathode heating and therefore in the cathode fall voltage. A dependence of U c on the discharge gas can also be seen. The key parameter that influences the fall voltage is the ionization energy eU i of the gas. With rising U i the voltage U c also increases. Note that the electron temperature has been adjusted for each material individually to yield the minimum possible fall voltage. The values are given in table 4. The electron temperature is of course strongly dependent on the ionization energy because the level of ionization depends mostly on the ratio of these two values due to the Saha-equation. On the other hand T e enters linearly into the presheath voltage so that a rise in U i leads to a nearly proportional rise in U v . Values of U i and U v are also given in table 4.
Summary
We have presented a model of the cathodic region of an atmospheric pressure arc discharge. The investigation of parameters for these discharges lead to the scaling condition
This allowed for a separation of the plasma boundary layer into a quasineutral presheath and a collision free space charge sheath. The presheath parameters were calculated using a previously published model [11] . In this model the presheath is further split up into a kinetically described Knudsen layer (scale λ CX ) and a more extended transition layer (scale λ i ) that is described macroscopically. The model of the presheath was combined with the energy balance equations of the plasma boundary layer and the boundary conditions derived from a simplified heat conduction model of the cathode body. Together with equations describing the plasma sided boundary conditions this achieved a maximum closure of the system of equations. This set of equations allowed to solve all parameters of the cathodic region self consistently for a given set of external parameters p t and I and given temperatures T e and T h . These two temperatures are mainly influenced by the plasma column and therefore can be interpreted as boundary conditions for the cathodic region.
The calculation showed that the boundary layer was only slightly influenced by the heavy particle temperature T h . In contrast the electron temperature T e is important because it appears in Saha's equation. The range of possible values was narrowed down by a minimum principle. Using these values the influence of the applied current and the pressure of the discharge was investigated in detail. The comparison of the values predicted by the model to measurements performed by Nandelstädt et al [14] and by Luhmann et al [15] showed good agreement. Further calculations showed the influence of the cathode geometry, the cathode work function and the discharge gas. The influence of the geometry and the work function is mainly through the cathode energy balance and the need for the cathode to heat up to a certain temperature to supply the electron current. The simplified heat conduction model presented in Appendix A for demonstration is however not suitable to describe the observed arc constriction at the edge of the cathode rod. The discharge conditions and the electron temperature are closely related by Saha's equation. The influence of the gas on the cathode fall voltage could be pinned down to the linear dependence of the presheath voltage on the electron temperature which in turn is almost proportional to the ionization energy.
is the difference between the heat flow density carried away by radiation at the surface and the Ohmic heating due to the electric current. Radiation only occurs at the top surface of the cathode, i.e. at the boundary of the half sphere lying inside the cathode. Related to the area of the half sphere this gives
The Ohmic heating is
Inserting into eq. (A.1) this gives
The boundary condition at r = a are determined by the temperature and the heat flow density from the plasma boundary layer,
and T
.
The factor 1/2 in the temperature gradient has been introduced because of the difference of the area of the circular attachment πa 2 and the surface area 2πa 2 of the half sphere r = a inside the cathode, where the boundary condition T = T c is applied. Starting from the boundary conditions (A.6) we can integrate (A.5) with a simple Runge-Kutta Scheme from r = a to r = R.
The heat conduction equation in the homogeneous region is
Again F h = F h,rad − F h,Ω is the difference between radiation heat loss to the sides of the electrode and Ohmic heating from the electric current. Related to the area of the cathode cross section the radiation loss is 8) and the Ohmic heating by a homogeneous current is
This results in the heat conduction equation
The boundary conditions are given by the results of the inhomogeneous region,
Again the factor 2 results from the ratio of the areas of a half sphere and a circle. In the case that the area of the cathode attachment is larger than the area of the cathode front surface the inhomogeneous region vanishes and the cathode attachment covers the whole tip of the cathode down to z = ℓ. In this case the boundary conditions are given by
where now a is the effective radius of the attachment region, a 2 = 2Rℓ + R 2 . Eq. (A.10) can again be integrated by a Runge-Kutta scheme from z = 0 (or z = ℓ if ℓ > 0) to z = L. This results in the cathode foot temperature T foot which is prescribed. In the results presented in this paper we assumed T foot = 300K. For this reason we regard the model of heat conduction presented here to be an implicit relation for the quantities q w and T c . Table 2 . Compilation of the parameters characterising the cathode region. symbol meaning p t total pressure in the plasma I total electric current applied to the discharge n p charged particle density in the plasma n s charged particle density at the sheath edge n 0 neutral particle density in the plasma T e electron temperature T h heavy particle temperature T c temperature of the cathode at the foot of the discharge U v presheath voltage drop U s sheath voltage drop U c cathode fall voltage = U s + U v E c electric field at the cathode surface j e electron current density at the cathode surface j i ion current density at the cathode surface j g total current density at the cathode surface = j e + j i j em electron emission current a radius of the cathode foot point R radius of the cathode L length of the cathode Table 3 . Compilation of physical constants used in this paper symbol meaning m e,i electron, ion mass e elementary charge h,h = h/2π
Planck constant U i ionization energy of the neutral gas χ H = 13.6eV ionization energy of hydrogen k Boltzmann's constant α fine-structure constant a 0
Bohr radius σ Stefan-Boltzmann constant ǫ C emissivity of the cathode ϕ electron work function Z + , Z 0 partition function of ions and neutrals 
